We analyze a discrete-time Geo/Geo/1 queueing system with preferred customers and partial buffer sharing. In this model, customers arrive according to geometrical arrival processes with probability . If an arriving customer finds the server idle, he begins instantly his services. Otherwise, if the server is busy at the arrival epoch, the arrival either interrupts the customer being served to commence his own service with probability (the customer is called the preferred customer) or joins the waiting line at the back of the queue with probabilitỹ(the customer is called the normal customer) if permitted. The interrupted customer joins the waiting line at the head of the queue. If the total number of customers in the system is equal to or more than threshold , the normal customer will be ignored to enter into the system. But this restriction is not suitable for the preferred customers; that is, this system never loses preferred customers. A necessary and sufficient condition for the system to be stable is investigated and the stationary distribution of the queue length of the system is also obtained. Further, we develop a novel method to solve the probability generating function of the busy period of the system. The distribution of sojourn time of a customer in the server and the other indexes are acquired as well.
Introduction
The queuing system in which the interarrivals and service times are positive integer values of random variables is called the discrete-time queuing system. Compared with the continuous time, the discrete-time queue is more suitable for the modeling and performance analysis of computer systems, telecommunication network systems, manufacturing and production systems, traffic systems, and health-care systems. Moreover, the discrete-time modeling can be used to approximate the continuous system in practice, but the reverse is generally not true [1] . Since the advent of Meisling's creative paper [2] on the discrete-time queuing in 1958, theoretical research in this filed has become a highlighted topic and the range of applications extends to a number of areas in real life. For a detailed discussion and applications of the discrete-time queueing system one can be referred to the books [1, 3, 4] and the references therein.
In the last 20 years a number of the discrete-time queueing models have been studied, details of which may be found in papers [5] [6] [7] . The preemptive queuing also became the focus of discussion by the papers such as [8] [9] [10] . Particularly in [11] , a novel recursive method for Geo1/Geo2/G/1/K+1 queue with partial buffer sharing was developed. In 2010, Jolai et al. [8] considered a preemptive discrete-time priority buffer system with partial buffer sharing. In that paper, they obtained the steady probability of the system by using the recursive method. Atencia and Pechinkin [12] studied the discrete-time queueing system under the optional LCFS discipline in 2013. Wu et al. [13] analyzed the discrete-time retrial queueing system with preferred and impatient customers in 2013.
The intention of the present paper is to study the Geo/Geo/1 queueing system with preferred customers and partial buffer sharing. As everyone knows, the analysis of a queue system with partial buffer sharing is much more difficult than that with infinite capacity. In the partial buffer sharing mechanism, the normal arrivals can only access the buffer if the buffer occupancy is less than a predetermined value . In order to utilize the capacity of the space priority queue more for high-priority customers (or the preferred customers), the threshold has been chosen to restrict the entrance of the low-priority customers (or the normal customers).
The remaining sections of this paper are organized as follows: in the next section, the model description and assumptions are stated. In Section 3, the one-step transition probabilities and the equilibrium equations are determined. In Section 4, a necessary and sufficient condition for the system to be stable is investigated and the steady-state probability distribution of the system is calculated. In Section 5, the performance measures of the system are provided such as the loss probability, the average number of customers, the probability generating functions of the busy period of the system, and the sojourn time of a customer in a server. The numerical results are discussed in Section 6. The last section is the conclusion.
Model Description and Assumptions
We consider a Geo/Geo/1 queueing system with preferred customers and partial buffer sharing. In this system, the server may start his service only at discrete-time dots. Thus the service time axis can be decomposed into an integer number of time slots. Without loss of generality, we assume that it is the unit service time slots. It is supposed that all queueing activities of arriving and departing happen at the slot boundaries. That is, they may take place at the same time. But, for convenience, we assume, like the disposed method by many papers concerning the discrete-time queue, that a potential arrival occurs in the interval ( − , ) and a potential departure takes place in the interval ( , + ). That is, the arrivals occur at the epoch just before the slot boundaries and the departures occur at the epoch just after the slot boundaries.
We assume that the arrival process is Bernoulli process and the intertime intervals of the arrivals follow the same geometric distribution with rate . The service times are independent and identically distributed according to a geometric distribution with . Further, we suppose that the arrival process and the service process are mutually independent.
If an arriving customer finds the server idle, he commences immediately their services. Otherwise, if the server is busy at the arrival epoch, the arrival either interrupts the customer being served to commence his own service with probability or joins the waiting line at the back of the queue with probabilitỹif permitted. The interrupted customer joins the waiting line at the head of the queue.
The queueing system has a threshold for buffer control. If the total number of customers in the system is equal to or more than threshold , the normal will be discarded to join the waiting line by the system. But this limitation is not suitable for the preferred customer. That is, the preferred arrival could always enter into the system and interrupts the customers being served no matter how long the queue length is. It is observed that, for = 0, the model is the standard Geo/Geo/1/ queueing system in the late arrivals at observed epoch + , while, for = 1, the model is the standard Geo/Geo/1/∞ queueing system with interrupted service under the LCFS discipline in the late arrivals at observed epoch + .
One-Step Transition Probabilities and Equilibrium Equations
The system can be described by the process { , = 0, 1, 2, . . .}, where represents the number of the customers in the system at epoch + . Obviously, { , = 0, 1, 2, . . .} is a Markov chain. Let be the stationary probability, at the epoch noted by + , that there are customers in the system. By the description above it is easy to see that the system obeys the following equilibrium equations:
The normalization condition is
Analysis of the System
In this section we will analyze the discrete-time Geo/Geo/1 queueing system with preferred customers and partial buffer sharing.
Using a recursive method, we can calculate the steadystate probability distribution of the system. From (1) and (2), we obtain 
where
From (4) and (12), we get
where = / (1 − ). Also by (5), (12) , and (13), we have
We can rewrite (6) as
Therefore, we have
Note that (17) is also correct for = .
We finally obtain
The normalization condition can be written as
Thus, we can find the unknown constant 0 ; that is,
It is clear that if
there are
Then we obtain that the sufficient and necessary condition for the stability of the system is
If the above stability condition is fulfilled, it follows that
Thus we get the following theorem.
Theorem 1. The sufficient and necessary condition for the stability of the system is
It is the probability distribution of the number of customers in the standard Geo/Geo/1/ queueing system in the late arrivals at observed epoch
It is the probability distribution of the number of customers in the standard Geo/Geo/1/∞ queueing system with interrupted service under the LCFS discipline in the late arrivals at observed epoch + , and the sufficient and necessary condition for the stability of the system becomes <̃.
Performance Measures

Loss Probability.
In each moment the queue length of the system is either less than critical value or more than or equal to . When the system state is more than or equal to , the normal arrivals will be lost. So it is of interest to calculate the loss probability of the system in the stability. The loss probability is
Average Number of Customers in the System
. Now we compute the expected values of the length of the queue . From (18), we get
5.3. The Virtual Busy Period. We will discuss a virtual busy period in the system which is different from the original system. The intention of the present paragraph is to facilitate discussion of the sojourn time of a customer. Only in this case, we suppose that the probability of an arrival is equal to . Let , ≥ 0, be the probability that the virtual busy period lasts slots. Then we have
We will use the generating function ( ) = ∑ ∞ =0 to calculate it. Multiplying by in the above expression and summing over . That has the following form:
From expressions (31), we can show that ( ) satisfies the quadratic equation
Note that, for fixed 0 ∈ (0, 1), we get
Above relations show that, for any ∈ (0, 1), the quadratic equation (32) has two solutions, ( ) and * ( ), and satisfies the inequalities 0 < ( ) < 1 < * ( ) in which
The probability generating function of the virtual busy period is ( ), because * ( ) > 1. It is not difficult to prove that expression ( ) satisfies (1) = 1. Hence we can obtain the mean value of a virtual busy period as
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The Actual Busy Period.
In this paragraph, we will discuss the actual busy period of the system. An actual busy period is defined as the period from the epoch of the arrival of a customer who finds the system empty to that of the departure of a customer at which the system first becomes empty again. We will denote by , ≥ 0, the probability that the actual busy period lasts slots. For giving its expression simply, we define the discrete -fold convolution as follows:
Note that, in the condition that there is no arriving of the preferred customers in the first slots, the (conditional) probability that the normal customer arrives at the each slot , 1 ≤ ≤ , is equal tõ/(1 − ). Thus, the probability, , is given by
The first term in the right-hand side of (39) means that after a customer arrives (i.e., the beginning of busy period), there is no preferred arrival in the following slots except the normal arrivals, who could arrive or not at each slot before (the arriving occurs at the moment immediately before the slot boundary ), and in this situation only no more than − 1 customers could enter into the system, and the original customer finishes his service at the th slot (immediately after the th slot boundary , to be more exact). Then the duration of the sum for serving min{ , − 1} customers lasts − slots. The second term in the right-hand side can be explained similarly.
We define ( ) = ∑ ∞ =0
as the probability generating function of busy period . For getting it, we multiply by in (39) and sum over . The result is
6
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Here, we only list the computing process of the fourth term in (40) (i.e., for = 3). Rewrite (40) as the following form:
in which 2, = ∑
=1
(1 − )
Multiplying by and summing over , the fourth term in the above expression of the right-hand side becomes
(exchanging the order of summing)
(where =̃̃)
Now we show that the solution of (40) is of existence and uniqueness within the unit circle of the complex plane by Rouché's theorem, and it must be ( ). Define = ( ) and the right-hand side of (40) as ( ); that is,
(1 −̃̃)
which is a complex analytic function of variable . Thus, (40) could be rewritten as
Obviously, ( ), 0 ≤ ≤ 1, is a root of the above equation. For any ∈ [0, 1) and | | = 1, there is
Hence, within the unit circle by Rouché's theorem, the number of roots of − ( ) is the same as that of , which only has one root obviously. Also for any probability generating function ( ) = ∑ ∞ =0
, there is | ( )| < 1 for any ∈ [0, 1), which implies that = ( ), 0 ≤ < 1, is the unique solution of − ( ) = 0 (or (40)) within the unit circle | | = 1.
Further, for = 1 we have (1) = 1 and − ( )| =1 = 1 − (1) = 0. So root = ( ) satisfies (1) = 1 as well.
Thus, the following result is proven. 
which is the same as the probability generating function of the busy period in the standard Geo/Geo/1/∞ queueing system in the late arrivals [14, pp 203].
(2) For = 0, = 2, (40) becomes
which is the same as the probability generating function of the busy period in the standard Geo/Geo/1/2 queueing system in the late arrivals [15, pp 236] .
We can simply get the probability generating function
(52)
Sojourn Time of a Customer in a Server.
The intention of this section is to study the distribution of the time that a customer spends in the server in the steady state. If a new preferred customer arrives to the system, the service will be interrupted. Hence the sojourn time of a customer in the server is the elapsed service times plus a whole service time again after interruptions. We let ℎ , ≥ 0, be the probability that the sojourn time of a customer in the server lasts slots. Then the distribution {ℎ ; ≥ 0} is given by
We define ℎ( ) = ∑ ∞ =0
ℎ as the probability generating function of sojourn time of a customer in the server. For getting it, we multiply by in (54) and sum over . The result is
8
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Thus, we obtain the probability distribution of {ℎ ; ≥ 0} as follows:
(57)
Theorem 5. The distribution of the time that a customer spends in the server in the system follows a geometric distribution with parameter (1 − ).
The mean time of a customer in the server is
The Virtual Sojourn Time of a Customer in the System.
In this section we attempt to present the distribution of the virtual sojourn time that a customer spends in the system. A virtual sojourn time of a customer in the system is defined as the period of time that a customer spends in the system from the beginning of its service till the moment of its departure. About this system, we will reckon the possible interruptions time on the sojourn time. We denote by , ≥ 0, the probability that the virtual sojourn time of a customer in the system lasts slots. It is given by
We also use the generating function ( ) = ∑ ∞ =0 to calculate it. That has the following form:
or
The mean time of a customer in the system is given by
The Actual Sojourn Time of a Customer in the System
. Let , ≥ 0, be that the probability of the actual sojourn time of the new arrivals in the system lasts slots. An actual sojourn time of a customer in the system is defined as the period of time that a customer spends in the system from the beginning of the entrance into the system till the moment of its departure. Hence, the actual sojourn time of the new customer that arrives in the system is the sum of two parttimes: the time from the beginning of the entrance into the system to the contacting server and the virtual sojourn time of a customer in the system. It is given by
We also use the generating function ( ) = ∑ ∞ =0
to calculate the mean value of the sojourn time of a customer in the system. Note (63) that has following form:
The mean sojourn time of a customer in the system is given by
Waiting Time.
Let , ≥ 0, be that the probability of the waiting time of the new arrivals in the system lasts slots. A waiting time of a customer in the system is defined as the period of time that a customer spends in the system from the beginning of the entrance into the system till the moment of its departure minus the time spent in the sever. Hence, the waiting time of the new customer that arrives in the system is the time of the actual sojourn time of the customer in the system minus the time spent in the server. It is given by
So the generating function of the waiting time of the new arrivals in the system is
or The mean waiting time of a customer in the system is given by 
Numerical Results
In this section, we provide some numerical examples to show the effect of the main parameters and on the performance characteristics. We consider six performance measures: the free probability 0 , the loss probability , the mean system size , the mean busy period (1), the mean sojourn time in the system (1), and the mean waiting time (1) . Of course in all the below examples, the parametric values are chosen so as to satisfy the stability condition. We derive the results by using two cases as follows. Case 1 reveals a situation in which the threshold changes from 2 to 10 by one. As expected, every performance measure is insensitive to the change in because we consider the queue with partial buffer control (the partial customers are restricted). In Figures 1 and 3 , the probabilities that the system is empty and system is lost are plotted against parameter . The curves which in decreasing order correspond to bigger threshold show, as intuition tells us, that, for increasing values of the parameter , the probabilities of an empty system and the ignored customers decrease. Just the opposite, the remaining four indicators (the mean system size, the mean busy period, the mean sojourn time in the system, and the mean waiting time) increase more rapidly.
In Case 2, parameter changes from 0.1 to 1 by 0.02. Increase in means increase in the preferred arrivals and at the same time decrease in the normal arrivals. Figure 2 show that as increases the free probability decreases very rapidly. The three indicators (the mean busy period, the mean sojourn time in the system, and the mean waiting time) increase more rapidly. Particularly curious are the indicators of the loss probability and mean system size. Although the arrival rate of the normal customers is decreased, as it can be seen from Figure 4 , the curve of the loss probability increases monotonously from = 0.1 to = 0.8. The mean system size versus threshold is shown in Figure 5 . Then it declines sharply from = 0.8 to = 1. This is caused by the increased preferred customers making the service occupied which leads to increase in the initial graph. When the preferred customers continue to increase until = 1, it is obvious that the number of the normal customers reduces in the system. Thereby the loss probability decreases until 0. In Figure 6 , the mean system size and the loss probability are inverse trends which is also very obvious fact. The mean of busy period versus threshold is shown in Figure 7 . The mean of busy period versus is shown in Figure 8 . The mean sojourn time in the system versus is shown in Figure 9 . The mean sojourn time in the system versus is shown in Figure 10 . The mean waiting time versus is shown in Figure 11 . The mean waiting time versus is shown in Figure 12. 
Conclusion
As everyone knows, the analysis of a queue system with partial buffer sharing is much more difficult than that with infinite capacity, especially under the priority mechanism. In this paper, we study a discrete-time Geo/Geo/1 queue with preferred customers and partial buffer sharing and carry out an extensive investigation. A sufficient and necessary condition for the stability of the system (Theorem 1) and the stationary distribution of queue length (18) are obtained. By using a novel method, we get the probability generating function of busy period of the system in the steady state and prove its existence and uniqueness (Theorem 3) and discuss some boundary value problems. Finally, by calculating the virtual busy period and virtual sojourn time of a customer in the system, we obtain the distribution of the time that a customer spends in the server, the actual sojourn time of a customer in the system, and waiting time. Particularly, we derive the distribution of the time that a customer spends in the server, which follows a geometric distribution (Theorem 5).
